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Abstract. We investigate stable solutions of elliptic equations of the type 
(-A) a u = A/(w) in Bi C R n 
u = on dBi , 

where n>2,s£(0,l),A>0 and / is any smooth positive superlinear 
function. The operator (— A) s stands for the fractional Laplacian, a pseudo- 
differential operator of order 2s. According to the value of A, we study the 
existence and regularity of weak solutions u. 
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1. Introduction 

We are interested in the regularity properties of stable solutions satisfying the 
following scmilinear problem involving the fractional Laplacian 



(1.1) 



{-A) s u = \f(u) inBt, 
u = on dB\. 



Here, B\ denotes the unit-ball in R™, n > 2, and s £ (0, 1). The operator (— A) s is 
defined as follows: let { t Pk}\ K Li denote an orthonormal basis of L 2 (Bi) consisting 
of cigenfunctions of —A in B\ with homogeneous Dirichlet boundary conditions, 
associated to the eigenvalues {/^fc}^. Namely, < \i\ < \i2 < M3 < ' ' ' < ~ > 

+oo, J Bi ipjtpk dx = Sj^ k and 

-Aip k = fi k ipk in Bi 
tpk = on dB\. 

The operator (— A) s is defined for any u £ C%°(Bi) by 

oo 

fe=l 

where 

oo ,. 

u = *^2u k (pk, and u k = I uip k dx. 
fe=l ■' Bl 
This operator can be extended by density for u in the Hilbert space 

oo 

(1.2) H = {u e i 2 (Si) : \\u\\ 2 H = J2^k\ u k\ 2 < +oo}- 
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Note that 

( H s (Bi) if a G (0,1/2), 

H= \ H^ 2 (B 1 ) if, = 1/2, 

{ H^B,) if se (1/2,1), 

see Section [2] for further details. In all cases, (— A) s : H — > H' is an isometric 
isomorphism from iJ to its topological dual H'. We denote by (— A)~ s its inverse, 
i.e. for ip G H' , y> = (— A)~ s -0 if <p is the unique solution in H of (— A) s ip = ip. 
We will assume that the nonlincarity / is smooth, nondecreasing, 

(1.3) /(0) > 0, and lim = +oo. 

u— x + oo u 

In the spirit of [3], weak solutions for (jl.ip are defined as follows: let tpi > denote 
the eigcnfunction associated to the principal eigenvalue of the operator —A with 
homogeneous Dirichlet boundary condition on B\, normalized by H^iIIl^Bi) = 1. 

Definition 1.1. A measurable function u in B\ such that J g \u\<pi dx < +oo and 
Ib fi 11 )^! dx < +oo, is a weak solution of (|1.1[) if 

(1.4) / utpdx = X [ f{u){-A)- s iP dx, 

for all ip G C?{Bi). 

The right-hand side in (|1.4p is well defined, since for every ip G C£°(Bi), there 
exists a constant C > such that |(— A)~ s ?/'| < CVii see Lemma I5TT1 and its proof. 

We shall be interested in weak solutions of (jl.ip having the following stability 
property. 

Definition 1.2. A weak solution u of (jl.ip is semi-stable if for all ip € C£°(Bi) 
we have 

(1.5) f \(-A)i^\ 2 dx> [ f'(u)ip 2 dx. 

J B x JBi 

The following result gives the existence of solutions according to the values of A. 

Proposition 1.3. Let s G (0, 1). There exists A* > such that 

• for < A < A* , there exists a minimal solution u\ 6 H PI L°°(B{) of (|1.1D . 
In addition, u\ is semi-stable and increasing with A. 

• /or A = A*, t/ie function u* = lim,\yA» is a iweaA; solution of (|1 . ip . VFe 
ca// A* i/ie extremal value of the parameter and u* the extremal solution. 

• for A > A* . (Tj~Tj) /ias no solution u G if R L°°(Bi). 

For the proof, see Section [3j 

Remark. Proposition 11.31 remains true when J3i is replaced by any smoothly 
bounded domain. 

Remark. For < A < A* , the solution u\ is minimal in the sense that u\ < u for 
any other weak solution u. In particular, u\ and u* are radial. In addition, u\ and 
u* are radially decreasing (see Section and u\ G C°°{B\) n C"(i?i) for a G 
(0, min(2s, 1)) (see Section [SJ. If u* is bounded, then we also have u* G C°°(i3i)n 
C a (Bi) for a G (0, min(2s, 1)), using again Scction[2] 

Here is our main result, concerning the regularity of the extremal solution u*. 
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Theorem 1.4. Assume n > 2 and let u* be the extremal solution of (jl.lj) . We 
have that: 

(a) Ifn< 2{s + 2 + ^/2(s + 1)) tfien u* G 

f&j J/ n > 2(s + 2 + v/2(s + 1)), tfien /or any /i < n/2 - 1 - - 1 - s, 
there exists a constant C > smc/i £/ia£ < Cla;!"^ for all x G B\. 

Remark. In particular, for any 2 < n < 6, any s € (0, 1), and any smooth 
nondccrcasing / such that (|1.3[) holds, the extremal solution is always bounded. 

Remark. We do not know if the bound n < 2(s + 2 + \/2(s + 1)) is optimal for 
the regularity of u* . We note however that lim^x- 2(s + 2 + \/2(s + 1)) = 10, and 
that the extremal solution of 



is singular when Q = B\, f(u) = e", and n = 10 (see e.g. fTTj). 

Nonlinear equations involving fractional powers of the Laplacian are currently 
actively studied. Caffarclli, Salsa and Silvestre studied free boundary problems for 
such operators in (TJ3HT]. Cabre and Tan [8] obtained several results in analogy 
with the classical Lane-Emden problem — Au = u p , posed on bounded domains 
and entire space, such as the role of the critical exponent. Previously, some authors 
considered elliptic equations with nonlinear Neumann boundary condition, which 
share some properties with semilinear equations of the form (jl.ip . see e.g. [71113], 

Equation (|1.1|) is the fractional Laplacian version of the classical semilinear el- 
liptic equation ()1.6|) . When f(u) = e u , (|1.6|) is known as the Liouville equation 
[20] or the Gelfand problem [15]. Joseph and Lundgren [17] showed in this case 
that if O is a ball, then the extremal solution u* of (|1.6[) is bounded if and only 
if n < 10. Crandall and Rabinowitz [T2] and Mignot and Puel [H] proved that if 
f(u) = e u and n < 10 then for any smoothly bounded domain Q, u* is bounded. 
Using Hardy's inequality, Brezis and Vazquez [4] provided a different proof that u* 
is singular when H = B\ and n > 10. For some other explicit nonlinearities, such 
as f(u) = (1 + u) p with p > 1 or p < 0, the critical dimension for the regularity of 
the extremal solution is known (for further details see the above mentioned refer- 
ences). For general nonlinearities, Nedev [22] proved that for any convex function 
/ satisfying (|1.3j) . and any smooth bounded domain 51 C K n , n < 3, u* is bounded. 
This result has been extended by Cabre to the case n = 4 and il strictly convex 
[5]. Finally, Cabre and Capella [6] showed that if 17 is a ball and n < 9 then for 
any nonlinearity / satisfying (|1.3p . the extremal solution is bounded. 



2.1. Functional spaces. We start by recalling some functional spaces, see for 
instance [191123]. For s > 0, H s (R n ) is defined as 



(1.6) 



Au = Xf(u) in D, 
u = on dVl. 



2. Preliminaries 



H s (R n ) = {u 6 L 2 (R n ) : \£,\ s u(0 G L 2 (R n )} 



where u denotes the Fourier transform of it, with norm 



IMIff.(R-) = l!(i + |£IX0IU w . 
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This norm is equivalent to 



\u(x)-u(y)\\ N 1/2 
: — r= — ax ay 

\n+2s a 



y\ 

Given a smooth bounded domain f2 C l n and < s < 1, the space H S (SY) is 
defined as the set of functions u <G L 2 (fl) for which the following norm is finite 

{ [ [ \u{x)-u(y)\ 2 , ,^ 1/2 

An equivalent construction consists of restrictions of functions in H s (W l ). We 
define -ffo(Sl) as the closure of C^°(il) with respect to the norm || ■ \\h s (Q)- It is well 
known that for < s < \, H^{VL) = H s (fl), while for 1/2 < s < 1 the inclusion 
H$(Q) C H S (Q) is strict (see Theorem 11.1 in P]). 

The space H defined in (|1.2[) is the interpolation space (H 2 (il),L 2 (il)) Sy 2, see 
for example [2][l9j[23]. Here we follow the notation from [23] Chap. 22]. J.-L. 
Lions and E. Magenes QJ] showed that (ifo(Q), L 2 (fi)) s , 2 = H$(n) for < s < 1, 
s ^ 1/2, while 

(fl?(n),L 2 (n)) 1/3ia = ^ /2 (n) 

where 

H^ 2 (n) = {ueH^ 2 (n) : / ^dx<+oo}, 

a \ x ) 

and = dist(a;, dil) for all 

An important feature of the operator (— A) s is its nonlocal character, which is 
best seen by realizing the fractional Laplacian as the boundary operator of a suitable 
extension in the half-cylinder fix (0, oo). Such an interpretation was demonstrated 
in [10] for the fractional Laplacian in t™. Their construction can easily be extended 
to the case of bounded domains as described below. 

Let us define 

C = fi x (0,+oo), 
d L C = <9fi x [0,+oc). 

We write points in the cylinder using the notation (x, y) e C = O x (0, +oo). 

Given s G (0, 1), consider the space L (y 1 ^ 2s ) of measurable functions v : C — > 
R such that v <E H 1 ^ x (s, t)) for all < s < t < +oo, v = on 8lC and for which 
the following norm is finite 

2 



vV Hl>L(yl -, s) = / y L -' s \Vv\ A dxdy. 



Proposition 2.1. There exists a trace operator from Hq L (y 1 2s ) into Hq(£1). 
Furthermore, the space H given by (|1.2| is characterized by 

H = {u = tr n v : v £ H^y 1 - 2 *)}. 

Proof. For the case s = 1/2 see Proposition 2.1 in [5]. 

We consider now s ^ 1/2. Restating the results of Paragraph 5 of J.-L. Lions 
[15] . there exists a constant C > such that 

IK.O)!! 2 ^ < C / z/- 2s (V + \Vv\ 2 ) dxdy, 
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whenever the right-hand side in the above inequality is finite. Now for any v £ 
?/- 2 V dxdy <C [ y 1 ' 23 \Vv\ 2 dxdy, 



as follows from the standard Poincare inequality in fi. Hence, extending v by zero 
outside C, we deduce that 

\\v{;0)\\H°(n) < C\\v\\ H i L{y i- 2s) . 

This inequality shows that there exists a linear bounded trace operator 

tm : H^iy 1 - 2 *) ->■ tf s (Q). 

This operator has its image contained in Hq(Q). This is direct for < s < 1/2 
because in this case i?if(fi) = H s (fl). If 1/2 < s < 1 we argue that any v £ 
L (y 1 ~ 2s ) can be approximated by functions in L (y 1 ~ 2s ) that have support 
away from 8lC. The trace of any such function has compact support in f2 and is 
therefore in iJg(fi). In all cases, this implies that the image of the trace operator 
is contained in H. 

Let us prove tr^ : Hq ^(y 1 " 28 ) — > H is surjective. Take a function u £ H and let 
us prove that there exists v £ Hq L (y 1 ^ 2s ) such that trn(v) = u. Write its spectral 
decomposition u(x) = b k (p k {x) and consider the function 

+ 00 

(2.1) v(x, y) = ^2 b kfk(x)g k (y), 

k=l 

where g k satisfies 

(2.2) g» + i— ?f g' k - fi k9k = in(0,+co) 

y 

(2.3) flfc(0) = l g k (+^)=Q. 

This ODE is a Bessel equation. Two independent solutions are given by y s I s ( y /JI k y) 
and y s K s (y/JI k y), where I S ,K S are the modified Bessel functions of the first and 
second kind, see pQ. Since / s increases exponentially at infinity and K s decreases 
exponentially, the solution we are seeking has the form 

9k{y) = c k y s K s ( y /JI k ~y). 

It is well-known that K s (t) = at~ s + o(t~ s ) as t — > 0, where a > 0. Therefore, one 
can choose c k such that g k (0) = 1 and one can see that g k can be written in the 
form 

9k{y) = KVJ^kV), 

for a fixed function h that verifies h(0) — 1 and h'(t) = —ct 23 ^ 1 + o(t) as t — > 0, for 
some constant c = c„. s > depending only on s and n. This implies that 

(2-4) lim -y 1 - 2s g' k (y)=c n>st , s k . 

Since each of the functions g k decreases exponentially at infinity we see that v 
defined by (|2.1j) is smooth for y > 0, x £ f2 and moreover satisfies 

div (y^Vv) = in C. 
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Let us check that v £ Hq L (y x 2s ). For any y > 0, by the properties of ip k : 

~ oo 

/ \Vv(x, y)\ 2 dx = J2 bUvkg k (y) 2 + g' k {yf) 
J n k=1 

Integrating with respect to y over (£, +00) where 8 > 0: 
(2-5) / / y 1 - 2s \Vv{x,y)\*dxdy = Y^bl{-y^g> k {y)g k { y )) 



k=l 



y=S 



From the ODE (f2~2j) we deduce that g k > 0, g' k < and g' k (y)y 1 ~ 2s is non- 
decreasing. Thus, if Si I 0, i — >• oo is a decreasing sequence, —5]' 2!S g k {o'i)g k (o~i) 
is increasing. By monotone convergence and thanks to (|2.4[) we deduce 



□ 



/ / y 1 - 2s \Vv(x,y)\ 2 dxdy = c 1hs Vfe. 
Jo Je- fc=1 

This proves that # C trniH^ ^y 1 - 23 )). 

Let us remark that if u £ H, then the minimization problem 

min {^y -2s l Vv l 2 dxd V : v e HoAv 1 " 23 ), M«) = u 

has a solution v £ Hq L (y 1 ~ 2s ), by the weak lower semi-continuity of the norm 
and continuity of ir^. Moreover the minimizer v is unique, which 
follows e.g. from the strict convexity of the functional. By standard elliptic theory 
y) is smooth for y > and satisfies 

div (y^Vv) =0 in C 

v = on <9iC 
v = u on!!x {0} 

where the boundary condition on fi x {0} is in the sense of trace. For each y > we 
may write v(x 7 y) = J2T=i L Pk{x)g k {y) where g k (y) = J n v(x,y)dx. Since v(-,y) u 
in L 2 (Q) as y -> 0, <?/c(0) are the Fourier coefficients of u, that is u = J^feLi 5fc(0)v?/c- 
Then we deduce that <?fc(y) is smooth for y > and satisfies the ODE (|2.2|) . One 
can check that g k (y) — > as y — > +oo and therefore g k {y) — c k y s K g^^fjlky) for all 
y > and some Cfc € M. Then, similarly as in (|2.5p . we obtain for 5 > 

POO p 00 

(2.6) y y^^-^iv^x,?/)! 2 ^^^^^- 2 ^^^^.^)) 

Arguing as before, for each k 



k=l 



y=S 



]xm{-y l - 2s g' k {y)g k {y)) = c^ k g k {Qf 

2/4-0 



We deduce from (12.61) that 



\ 2 H = J2^(°)- c \\ v \\ 2 Hi L (y 1 - 



k =i 

In what follows we will call v the canonical extension of it. 
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2.2. Solvability for data in H s (£l). This section is devoted to prove the follow- 
ing lemma: 

Lemma 2.2. Let h £ H' . Then, there is a unique u £ H which solves 

(-A) s u = h inn 
u = on dQ. 

Moreover u is the trace of v £ ^(y 1 " 28 ), where v is the unique solution to 

' div (y 1 - 2s V«) =0 in C 

v = on <9lC 



(2.7) 



(2.8) 



-y 1 2s v y = c„_ s h on Q X {0} 



where c n ^ s > is a constant depending on n and s only. 

Remark. Equation (|2.8j) is understood in the sense that v £ Hq ^(2/ 1_2s ) and 
(2.9) Cn >s {h,tm(0)H',H = [ y^VvVC dxdy for all ( £ Hq l(i/ 1_2s ). 

The constant c„ s is the same constant appearing in (|2.4[) . 

Proof. The case s = 1/2 was treated in [S]. 

The space H' can be identified with the space of distributions h = XjE=i ^fc^fc 
such that yifcL] h-k^k S ^ 00 ■ Then, it is straight forward to verify that for any 
h £ H' there is a unique u £ H such that (— A) s u = h. Fix now h = (p^ for some 
/c > 1 and let u = ^ s tp k . so that (— A) s u = h. By the Lax-Milgram theorem, there 
is a unique v £ Hq L (y 1 ~ 2s ) such that (|2.9[) holds. Letting denote the unique 
solution of (|2.2j) - (|2.3[) . by a direct computation, we find that 

v(x,y) = tik S( fk(x)g k (y) 

solves (|2.9p . with h — ipk and its trace is given by fj,^ s ifk = u. This proves the 
lemma in the case h — ipk- By linearity and density, the same holds true for any 
h£H'. □ 

2.3. Maximum principles. 

Lemma 2.3. Let n > 1 and f2 C K™ any bounded open set. Take h £ H' and let 
u £ H de the corresponding solution of (|2.7p . Let also v £ H\{y s ) denote the 
canonical extension of u. 

If h > a.e. in £1, then u > a.e. in f2 and u > in C. 



Proof. Simply use v as a test function in (|2.9[> . □ 

Lemma 2.4. Lei f2 C R™ denote any domain and take R > 0. Lei u denote any 
locally integrable function on Q X (0, i?) swc/i i/iai 



y^-^lVv] 2 dxdy < +oo. 

'SJx(O.S) 

Assume in addition that 

-V • (y l - 2s Vv) = infix (0,ii), 
t> > in fi x (0,i?), and — 2/ 1_2Su y|, y _g > in fi in the sense that 

y^Vv ■ VC dxdy > 

nx(o,i?,) 
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for all ( e H 1 (y 1 - 2s ,n x (0,R)) such that ( > o.e. m fi X (0,R) and ( = on 
dfi x (0,i?) U x {0}. 

Then, either v = 0, or /or any compact subset K of O x [0, J?), 

ess m/ > 0. 

Proof. Let {> denote the even extension of i> with respect to the y variable, defined 
in fi x (-i?, i?) by 

wfoy) if y > 0, 
u(x, -y) if y < 0. 



v(x,y) 

Then, 



In. 



j/^-^VWC dxdy > 0, 

/Ox(--R,fl) 

for all C G jy x (y 1-2s ,n x (-i?, J?)), such that C > a.e. infix (-i?, R) and C = on 
9(f2 x (—R,R)). By the results of Fabes, Kenig, and Serapioni (see Theorem 2.3.1 
and the second line of equation (2.3.7) in [H]), either v = 0, or ess inf v\k > for 
any compact set K of O x (— i?, i?). □ 

Lemma 2.5. Let 51 C R" denote an open set satisfying an interior sphere condition 
at some point Xq <E dfl. Let R > and let v denote any measurable function on 
x (0, R), v > 0, v ^ 0, such that 



In. 



y 1 /s |Vwr dxdy < +oo. 

'fix(0,-R) 
Assume in addition that 

-V ■ (y^Vv) = inOx ((),£), 

and — y 1_2s w 7 , „ > in VI in the sense that 

y^^Vv • VC dxdy > 



'fix(0,fl) 

/or aZZ C G H 1 ^ 1 - 28 ^ x (0,i?)) such that ( > a.e. m O X (0,i?) and ( = on 
on x (0,R) U ft x {0}. 

Then, there exists e > and a constant c = c(R) > sucft t/ia£ 

v(x, y) > c|x — Xo| /or x G -B e (xo) (~1 Q and ye [0, i? — 2). 

Proof. Take an interior sphere B which is tangent to dfl at xo- Translating and 
dilating Q if necessary, we may always assume that B is the unit ball centered at 
the origin. Take a > n — 2 to be fixed later and consider z = z(x,y) the function 
defined by 

z(x, y) = (1 + y 2s )(e- y2 - e -^ 1)2 )(|x|- Q - 1) for x ^ and y G [0,-R- 1]. 
We compute 

A x z = (1 + y 2s )(e~y 2 - e-( R -^ 2 )a(a - (N - 2))\x\- a - 2 , 
lim (-y^Zy) = -2s(l - e~ (i? - 1)2 Xl^r" - 1) for x 7^ 0, 

*w, + = -4e^ 2 [(1 -s) + (l + s)y 2s - y 2 - y 2s + 2 ] (\x\~ a - 1). 
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If y 2 > (1 + s), then z vv + > and V ■ (y^^Vz) > 0. If y 2 < (1 + s), then 

z vv + l ~y S z v — C(\x\~ a — 1)- Choosing a large enough, we deduce that 

V • (?/- 2s Vz) > for all x ^ 0, y G [0, i? - 1]. 



Now, let u be as in the statement of the lemma. By Lemma [2.41 ess inf v\k > 0, 
on K = dBi/2 x [0, R — 1]. Choose S > so small that v > Sz a.c. on K. By the 
maximum principle, applied in the region (B\ \ -B1/2) x (0,R— 1), we deduce that 
v > 8z in this region. □ 

Lemma 2.6. Le£ C R" be a bounded open set with smooth boundary. Let v 
denote a measurable function on £1 x (0, +00), such that 

y 1_2s |Vtf dxdy < +00 for all R>0. 

'!!x(0,fi) 

Assume that v > on dfl x (0, +00) , that 

-V • (j/ 1_2s V«) > inQx{0,R), 
and — y 1 ~ 2s v n \ . > in f2 in the sense that 

y^^Vv ■ VC dxdy > 



/Ox(0,R) 

for all C, £ -/^(y 1-23 ,^ x (0, +00)) with compact support inVix [0, +00) such that 
C > and C = on dtt x (0, R) U Q x {0}. If there exist C > and m > such 
that 

(2.10) |«(aM/)|<C7(l + |yH /or all (x,y) 6 n x (0, +00), 

then v > in O x (0, +00) . 

Proof. Take i? > such that f2 C P>b(0). Let denote the first eigenfunction 
of —A in Sfl(0) with zero Dirichlet boundary condition and let /zr > be its 
corresponding eigenvalue. Let A > to be chosen and set 

z(x,y) = (p R (x)(e Xy - Ay). 

We compute 

,e Xy - 1" 



V • (y^Vz) = y 1 - 2 * 



^ R + X 2 + X 2 (l-2s)e~ Xy - 



<Pn(x)e Xy . 



Ay 

By choosing A > small we have V ■ (y 1_2s Vz) < in -Br(O) x (0, +00). Let e > 0. 
By (|2.10|) there exists L > such that v + ez > for x £ fl and y > L. Using 
the maximum principle in the form of Lemma 12.31 we deduce that v + ez > in 
il x (0, L). Letting L — > 00 we conclude that v + ez > in ft x (0, +00). Finally, 
by letting e — > we obtain the stated result. □ 



2.4. Interior regularity. In this section, we study the extension problem (|2.8|) . 
when h is bounded or belongs to a Holder space. The proof of the next lemma can 
be found in [S], Lemma 4.4. 



Lemma 2.7. . Let h £ H' and v £ Hq L (y x 2s ) denote the solution of (|2.8 
Then, for any u> CC fl, R > 0, we /iawe 

(i) Ifh £ L°°(ft) 7 i/ien v £ C^w x [0,i?]) ; for any /3 £ (0, min(l, 2s)) ; 
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(it) If he C^(fi) then 

(1) veC 0+2s (ujx[O,R}) iff3 + 2s<l, 

(2) — e C" 3+2s - 1 (w x [0,iJ]) + 2s <2, i = l,...,n, 

(3) /^6^ +2s - 2 ( W x[0,i?]) l /2</3 + 2 S;i ,j = l,...,n. 

CJtL'i (J Ju j 

2.5. Boundary regularity. 

Lemma 2.8. Lei u E H be the solution of 

[ (-AYu = h in fl 
(1 11) < 

V ' ' \ u = ondCl 

where h E L 00 (^). Then u E C a (Ti) for all a E (0, min(2s, 1)). 

We begin with the following estimate. 

Lemma 2.9. Let u E H be the solution of (|2.11l) . where h E L°°(0). Then there 
is constant C such that 

if < s < 1/2, \u(x)\ < Cdist(x,dn) 2s \\h\\ L ^ {n) for all x E 0, 

and 

*/1/2<s<1, \u(x)\ < Cdist(x, dQ,)\\h\\ L <=o(n-) for all x E 

Proof. We use a suitable barrier to prove the estimate. To construct it, we write 
x = (xi , . . . , x n ) and define 

!1 if x € B 2 , x x < 
-1 if x E B 2 , X\ > 
iixE'B 2 . 

We construct a solution v of the problem 

' div (2/~ 2s Vi>) = in W x (0, +oo) 

< v(z) — > as \z\ — > oo 

-y x ~ 2s v y = h(x) on M™ x {0} 

as 

(2.12) v(x,y) = C n , s [ t[ _ | k ^_ n+2 _ 2B dxdt. 



(t 2 + \x-x\ 2 Y 



v(x, 0) = C' I , dx XE R™, 



This implies 



where s = ra _^ 2 3 s . By our choice of h we can write for x E K™ 

v(x,0) = -C^ a (I(x)-H-*)) 

where 
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and B2 = {(xi, . . . ,x n ) € #2(0) : x\ > 0}. From this formula we see that if 
< s < 1/2 then 

\I(x) - /(0)| < C\x\ 2s for all x G K", 
and if 1/2 < s < 1 then 

\I(x) - I(0)| < C\x\ for all x G R™. 
These estimates imply that if0<s<l/2 

(2.13) \v(x)\ < C\x\ 2s forallxeR", 
and if 1/2 < s < 1 

(2.14) \v(x)\<C\x\ for all X e M". 

Now let u G H be the solution to (|2.11|) with h G L°°(f2) and let i> denote its 
canonical extension. Take a point x$ G <9fi. By the smoothness of 9fi we can find 
an G R" \ Q and i? > such that B R (xx) C R" \ and a;o G dB R (xi). We can 
choose i? bounded and bounded below. By suitable translation and rescaling, we 
can assume that x± = 0, R = 1 and |xo| = 1. After a further rotation we can also 
assume x = (1, 0, . . . , 0) G R". 

We will then define a comparison function w as the Kelvin transform of a trans- 
late of v as defined by (|2 . 1 2[) . Let v(x,y) = v(x — Xo,y). We write points in 
(x, y) G R" x R as X = (x, y) and |X| 2 = |x| 2 + y 2 . We also write R™ +1 for the set 
of points X = (x, y) G R" x R with y > 0. Let 

«;(*) H*| a ' _B « (j^ja) AeR!t +1 ,X^0. 

A direct calculation shows that 

div (j/^Vw) = in R^ +1 

and 

lim (-y 1 - 2s wJx,y)) = \x\- 2s - n h( ) for all x G R n , i/O. 
y ^o+ VfI / 

In R n \ -Bi(O) by construction we have h(x/\x\ 2 ) = 1. Since f2 is bounded and 
contained in W l \Bi (0), we see that there is some constant c > (bounded uniformly 
from below with respect to the parameters xo , x\ , R with R bounded from below) 
such that 

lim (~y 1 ~ 2s w y (x,y)) > c for all x G f2. 

Since v > in -Bi(O) x (0, +00) we have w > in il x (0, +00). Then, there is a 
constant c > (uniformly bounded from below as xo, x\ and i? vary) such that 
w(x, 1) > c for all x G 0. Since id > on <9il x (0, +00) and v vanishes there, by 
the maximum principle we have 

v < C\\h\\ La * m w in fix (0,1) 

for some C > 0. From this, (|2.13|) and (|2.14j) we deduce the stated estimates. □ 

Proof of Lemma \2.8l We use a standard scaling argument combined with interior 
regularity estimates from Lemma 12.71 and Lemma 12.91 Let v denote the canonical 
extension of u and let us concentrate on the case < s < 1/2. 
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Take xo,yo G 0. If xo,yo and satisfy \xq — yo\ > dist(xo,dfl)/2 and |xo — yo\ > 
dist(yo,dQ,)/2 from Lemma l2~9l 

|«(a? ,0) — «(i/ ,0)| < |«(aro,0)| + Kw),0)| < C\\h\\ L ~ m \x - y \ 2s 

<C\\h\\ L oo in) \x -y \P. 

Now suppose that | o:o — 2/0 ] < dist(xo, dfl)/2 and let r = dist(xo,dCl)/2. Consider 
the function v{x,y) = v{x$ + rx,ry) defined for x G B(0, 1) and y > 0. Thus 

div(j/ 1-2s Vw) = in Bi(0) x (0, +oo) 

and 

lim (-y^vfay)) = h(x) x G £?i(0), 

where h(x) = r 2s h(rx). By Lemma \2. 91 we find 

sup |0| < Cr 2s \\h\\ L ^ {n) . 

Si(0) 

Let < (3 < 2s. Using the interior estimate (Lemma 12. 7[) 

\\v\\cP(B 1/a ) ^ C(bu P |0| +sup|A|) < C7r 2s ||/i|| L » (n) 

Bi Bi 

we deduce 

\v(x ,0)-v(y ,0)\ < C\\h\\ L ~ (n] \x - y fr 2s -P < C\\h\\ Lx(n) \x Q ~ y f ■ 
The proof in the case 1/2 < s < 1 follows analogously. □ 

3. Proof of Proposition 11.31 

We begin by adapting Lemma 1 in [3]: 

Lemma 3.1. Let n > 1 and let £1 C R n denote a smooth bounded domain. Take 
f G L l (Jl, (fidx). Then, there exists a unique u G L 1 ^, ipidx) such that 

j {~A) s u = f mil 
^ 3 '^ j u = ondVL, 

in the sense that 

(3.2) / utpdx = j f(-A)- s ipdx, for all tp G C c °°(f7). 



In addition, letting fix > denote the principal eigenvalue of the Laplace operator 
with homogeneous Dirichlet boundary condition on dQ, we have 



j \u\<pi dx < — / \f\<Pi dx. 



(3.3) 

Moreover, if f > a.e., then u>0 a.e. in SI. 

Proof. Take tp G C£°(tl). Then, there exists a constant C > such that \tp\ < Cipi. 
By the maximum principle (Lemma I2.3|) . it follows that tp = (—A)~ s ip satisfies 
M < ^7 ( /' 1 - particular, (|3.2[) makes sense for any tp G C^°(Q). 

Let / G L°°(f2) C H'. Then, equation (|3.1j) has a unique solution u £ H, i.e. for 
any C G H , 

+ 00 +00 

fc=i k=i 
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where Uk = J Q uipk dx, and £&,/& are similarly defined. Take now £ = (—A) s ip, 
V> G C c °°(r!). Then, £ fe = M*"^* and 



+ 00 +00 

k=l fe=l 



which is equivalent to p.2[) . We prove next that (|3.3[) holds. To see this, write 
/ = /+ — /~, where / + is the positive part of / and /~ its negative part. Without 
loss of generality, we may always assume that / > a.c. Then, by the maximum 
principle (Lemma I2.3[) . u > a.e. and using (|3.2[) with ip = <pi, we deduce (|3 . 3[) . 
The rest of the proof is the same as that of Lemma 1 in [3], so we skip it. □ 



Proof of Proposition \1.3[ The method of sub and supersolutions can be applied in 
the context of solutions of belonging to H n L°°(B). Since £ = is always a 
subsolution, we begin by showing that there exists a positive supersolution of (jl.lj) 
for small A > 0. Take £ G H to be the solution of (-A) s £o = 1. By Lemma [2~8l . 
Co G C(U) and 

(-A) s £ = 1 > A/(Co), for A < l/||/(£o)|U~ (fi) . 

Hence, 

A* = sup{A > : ([TTT]) has a solution in if n 

is positive and well-defined. Multiplying by 931 and using that / is su- 

perlinear, we easily deduce that A* < +00. It is also clear by the method of 
sub and supersolutions that (jl.ljl has a minimal (hence stable), positive solution 
u\ G H n L°°(f2), for all AG (0, A*). By minimality, u\ increases with A. We claim 
that u*(x) := limAy<A* u\(x) is a weak solution of for A = A*. Take A < A*, 
u = u\ and multiply (II. ip by Then, 

(3.4) fii / u</?i dx = X f(u)ipi dx. 

Jn Jn 

Since / is superlinear, for every e > there exists C e > such that, for all t > 
f(t)>H-C e . Hence, 



A*C e > [ Ui ) / utpi dx. 



Choosing e = wc obtain that 

/ u\Lpi dx < C, 
Jn 

for some constant C independent of A. By (|3.4[) . we also have 

(3.5) / f(u x )(p! dx < C, 

and, by monotone convergence, we may pass to the limit as A — > A* in (jl.4l) . □ 
Remark. Observe that for s > 1/2, we have the stronger estimate 

(3.6) \\ux\\mn)<C, 

as follows from multiplying ([l.ip by £0 an d using Lemma [231 giving the estimate 

(3.7) £o<CVi- 
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Note also that ()3.7|) fails for s < 1/2. Due to radial monotonicity (see Lemma |4~T]) . 
estimate ()3.6[) remains however true if f2 = B\ and s£ (0,1) is arbitrary. 



4. Radial symmetry 



Lemma 4.1. Let u E H P\ L°°(B) denote a solution of (|1.1|) . Then, u is radially 
decreasing, i.e. u(x) — u(p) whenever \x\ = p, u is smooth in B, and 



(4-1) 



du 
dp 



<0 inB\{0}. 



In addition, the canonical extension v of u is smooth in C, v(x,y) = v(p,y), and 

Or 



(4.2) 



dp 



<0 inC\{p = 0}. 



Proof. The smoothness of u and v follows from Lemmata 12.71 and 12.81 To prove 
radial symmetry, (|4.1[) . and (|4.2p . we apply the moving plane method ([16)). Thus, 
it suffices to show that 

Of 



dxi 



< 



{(x,y) G Bi x [0,+oo) : x 1 > 0}. 



n — v. We claim that w M > in E M , for 



Now we show the last statement. Given p G (0, 1], let 7), = {(x,y) G R n x M" 1 
x\ = p} and = {(x,y) G B\ x [0,+oo) : xi > /i}. Let also v^{x,y) 
v(2p - xi,x', y) for (x, y) G S M and = v 
p close to 1. To prove this, observe that w = solves 

div (y 1_2s Viy) = in S p 

w > on <9l£ m 



l-2s„ 



ij, — a{x)w = on {x G B\ : x\ > p} x {0}, 



where 
(4.3) 



a{x) 



f(u„)-f(u) 







whenever ^ u, 
otherwise. 



Now multiply the above equation by w and integrate over S M . Then, 



,l-2s 



Vw | dxdy 



{rrG-Bi :xi >fi} 



a(x)(w ) 2 dx. 



We extend w by outside E^, so that if G H 1 (y 1 2s ; K"). By the trace theorem 
(Proposition ^. ip . there exists a constant Ct r > such that 



l-2s 



Vw | 2 dxdy, 



and by the Sobolev imbedding of H s {R n ) into L p (R n ), with 

(4.4) i = 1 - '-, 

p 2 n 

we have 



Lp( 



< Cs||w-|||r- 
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Hence, by Hoelder's inequality 

(f \w~\ p dx\ ' <C tr C s [ \a(x)\{w-f dx 

< C tr C s ( f {w~) p dx\ ( f \a\^ dx\ 

\J {xeB 1 :x 1 >/j,} J \J {x6fli3i>/j} J 

Since a is uniformly bounded, /r !teBl . :tl>)i j |a| 1 '- 2 dx — > 0, as p — > 1~. Therefore, 
for \i sufficiently close to 1, we conclude that w~ = 0, and the claim. 
Consider now 

p a = inf {fx £ (0, 1) : > in S M } . 

The above argument shows that p is well-defined and /Lto < 1. We want to prove 
that fiQ = 0. Assume by contradiction that /io > 0. By continuity, > in S^q, 
and by the strong maximum principle (Lemma l2.4p . w Mo > in 5^ . Fix now e > 
small, /i = /io — e and choose a compact set if C {x € £?i : xi > /io } such that 



CtrCs 



' {x£Bi:xi>ti}\K 




Taking e > smaller if necessary, we can assume that > in K. Arguing as 
before, we can prove that w~ = in E M \ A", and thus > everywhere in E M , 
contradicting the definition of /io. 

Wc have just proved that u> M > in for all /i € (0, 1), and by the strong 
maximum principle (Lemma 12. 4p we find that > in S M . Finally, by the 
boundary point lemma (Lemma I2.5[) . we conclude 

2— ^(p,x',y) = -—J±(p, x >,y) < for all (p,x',y) G B 1 x [0,+oo), 
axi ox i 

as desired. □ 

5. Weighted integrability 

We will use the following notation. Given a point (x, y) € C = B\ x (0, +oo), we 
let p = \x\ and v p = ^ for any C 1 function v defined on C, which depends only on 
p and y. 

In what follows, for A G [0, A*), u\ denotes the minimal solution of (11.11) and v\ 
its canonical extension, which satisfies 

!div (j/ 1-2a V«) = in C 

« = on d L C 

-y l - 2s v y = X.f{v) on Bi x {0}. 

By elliptic regularity (LemmataOandlMJ), for A G [0, A*), u x G C°°(Bi) n C(ST), 
and v\ is smooth in C. By Lemma [2~71 we also deduce that v\ G C a (K x [0, i?]) 
for every compact K C £?i and i? > 0. Moreover, any of the derivatives of v\ with 
respect to the x variables belongs to C a (K x [0, R]) for every compact set K C B\ 
and i? > 0. 

The main result in this section is the following. 
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Proposition 5.1. Assume n > 2. Let X G (0, A*), u = u\ be the minimal solution 
of (jl.lj) and v its canonical extension. Let a satisfy 



(5.2) 1 < a< 1 + <^n~l. 
Then 

(5.3) / y^vlp-^dxdy < C 

J[p<l/2] 

where C is a constant independent of X, and [p < 1/2] denotes the set {(x,y) £ C : 
|*| < 1/2}. 

We collect in the next lemma some basic estimates expressing that v\ and its 
derivatives have exponential decay for y > 1, which is uniform up to A < A*, and 
that for fixed A < A*, v p (p, y) = O(p) as p — > 0, uniformly as y — > 0. 

Lemma 5.2. a) There are 7 > 0, C > smc/i i/iai 

(5.4) w A (a;,y) < Ce~ 7 ^i(x) /or all y > 1, x G S x , A G [0, A*). 
Moreover, for any k > i/iere is Cfe > suc/i that 

(5.5) |D fc w A (x,y)| < C fc e- Ty for ally > 1, 16 Si, A G [0, A*). 

T7ie constants 7 and C are independent of A. 

6/ Given X G [0, A*) ana 1 A' a compact subset of B\ there exists C > smc/i i/ia£ 

(5.6) |fl p t; A (|s|,y)|<C|s| Vie IT, y>0. 

Proof, a) Define w(x,y) = (pi(x)y 2s e~ ly . A straight forward computation shows 
that 

V^ 1 " 28 ^) - <Mx)e-™ [(7 2 - Ai)y- 7(1 + 2s)] 

and 



- lim y 1 - 2s L Pl (x)e-~< y (--ty 2s + 2sy 2s - 1 ) = 2s( Pl (x). 



y =0 y->0 

Multiplying equation (|5.ip by w and integrating by parts twice gives 



A / f(u x )wdx+ I y L ~ Za w y v\dx + / V{y L ~ Zs Vw)v x = 0. 
Recalling that w(x,o) = 0, we find 

2s / Lpxu\dx= I v\(pi(x)e~ lv [(Ai — 7 2 )y + 7(1 + 2s)] dxdy. 



Now, we choose < 7 < x/AT and use estimate J B <P\U\ dx < C derived in (|3.5p . 
to find 



(5.7) / v x ipx(x)e-"i y dxdy < C 

for all < A < A*. 

Let z be the solution to 

-Az = 1 in Bi 



z = on <9Si. 

For t > t > define ^(ar, y) = z(x)(t — y)(y — t). We compute 

T + t^ 



V(y L -' s V<p) = y 1 



-{t - y){y - t) + z{x)[ -2 + (l-2s) -2 



.'7 
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Assume that <t < t <3t/2. We find 

Multiplying (|5.ip by ip and integrating over B\ x (i, r) we obtain 

T X ~ 2s {T-t) I v x (x,T)z(x)dx + t 1 - 2s (T -t) / v x (x,t)z{x)dx 



f y 1 - 2s v x V{y l - 23 S7 V )dxd V > f 

JB 1 x(t,r) JBi 



y 1 2s v\(t - y)(y - t) dxdy. 

x(t,r) 



Thus, for t > 6 we deduce 

2/ 1_2s «A dxdy <Ct 1 - 2s I vx{x, t)z{x) dx 

x(t+l,t+2) J B ± 

+ C(t + 3) 1+2s [ vx(x,t + 3)z(x)dx. 



L 



Integrating this inequality with respect to t S [6, 13], recalling that z < dpi for 
some C > 0, and using (|5.7|) we obtain 

/ v\ dxdy < C 

J Bx x [8,11] 

with a constant independent of A as A — > A* . 

This inequality and standard elliptic estimates imply 

(5.8) v\{x,y) < Ce~ lv Lpi{x) for all y G [9, 10], x € B\, and A € [0, A*). 

Now let w(x,y) = C<p\(x)e~ lv . For < 7 < yAi; this is a supersolution of the 
equation in (|5.1|) and by comparison in B\ x (1, +00), using (|5.8[) . we deduce (|5.4p . 
Inequality ()5.5[) is a consequence of (|5.4[) and elliptic estimates. 

b) This part follows from the fact that for A < A*, u\ is smooth in B\ and hence 
v\ and its derivatives with respect to the x variables are in C a (K x [0, R]) for any 
compact K C B\ and i? > 0. □ 

The following result is a version of Lemma 1 of [6] in the case of radially sym- 
metric functions. 

Lemma 5.3. Given A € (0, A*), let u = U\ £ H n L°°(B\) denote the minimal 
solution of (|1.1|) . and Zei D £ ^y 1 " 21 *) denote its canonical extension. Then, 
for every 77 € C (B\ x [0, +00)) iwi/i compact support in C, but not necessarily 
vanishing on B\ x {0}, we Ziawe 

(5.9) jf y^ 2s ^|Vr;| 2 dxdy > (n - 1) jf V^^V 2 dxdy. 
Proof. Inequality (|1.5p implies that for all £ £ L (?/ 1_2s ), there holds 



(5.10) 



/ y^ 2s |Ve| 2 dxdy> / f'(u)edx, 

JC JBi 



where in the right-hand-side integral we identified £ and its the trace. 
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Let r\ £ ^(Bi x [0, +00)) as in the statement of the lemma and take £ = rjv p . 
By Lemma [Ql £ € L (y 1_2s ) and from (|5.10[) we obtain 

A / f'(u)v 2 pV 2 dx< f y^Vivprifdxdy 

J Bi JC 

< / y 1_2s {|V^| 2 ?7 2 + ^|V77| 2 + ^V^- Vifjdxdy 
Jc 

(5.11) < J^-^iv^V^ 2 + V{t 1 2 v p )-Vv p } dxdy. 

Since by Lemma 14.11 u is radially symmetric, by differentiation of (|5.ip with 
respect to p, one gets 

(5.12) V • {y l - 2s Vv p ) = y^^-vp in C. 

P 

Next, wc differentiate the Neumann boundary condition in (|5.1[) with respect to p 
to obtain 

(5.13) - y^dyVp = Xf(v)vp for < p < 1. 

Now, we multiply (|5. 12|) by i] 2 v p , and integrate by parts and use (|5.13[) to find 

j/ 1 - 2s V(? 7 2 iv) • V« p dxdy = X [ f'(u)(vp V ) 2 dx - (n- 1) / j/- 25 ^^ dxdy. 
Combining the last equation with (|5.1ip yields (|5.9[) . □ 



Proof of Proposition\5l\ Given £ > let Ce € C°°(M) be such that ( e (t) = for 
t < e and t > 3/4, £ £ (t) = 1 for i e [2e, 1/2], and ((t) < C/e for t e [e, 2e]. Given 
R > we let 0.R denote a function C°°(R) such that tpB,(y) = 1 f° r all r < i? and 
^fl(y) = for all y > R+l. 

Let a satisfy (|5.2p and for e > 0, R > define 7y( i o, y) = p 1 ~ a Q(p)ip R (y). Given 
5 > we estimate 

|V77| 2 < ((1 - a) 2 + 6)p- 2a ( e (p) 2 ij R (y) 2 + C s p 2 ~ 2a \V{^ R )\ 2 

for some C s > 0. Then by ([53)1 

(n-1) / y^vlp-^iCe^dxdy < ((1 - a) 2 + S) [ y x - 2s v 2 p p- 2a {^ R ) 2 dxdy 

JC JC 

+C f y^p^v^iCe^dxdy. 
Jc 

Choosing 5 > small enough 



y'-'Xp a {^ R ydxdy < C / ^V^GVC^ + QVMldxdy 

C JC 



where C > 0. Thanks to (15.61) we have 

y 1 - 2 * p A - 2a dxdy 



f y^p 2 - 2 ^ 2 p \VQ e \ 2 ^ 2 R dxdy<^ 2 f 

JC £ J\e 



[e<p<2e,0<y<R+l] 

< C(R+l) 2 - 2s e 2 - 2a+n . 
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Because of (|5.2j) we have that 2 — 2a + n > 0. Letting e — > we find 

y l ~ 2s v 2 pP - 2a dxdy <C [ y 1 - 23 p 2 - 2a v 2 p dxdy < C 

where the last inequality follows from (|5.5[) . Finally, letting R — > oo we conclude 
(Oil . □ 

For < (3 < n we define 

f y 3 ~ 2s 

(5.14) A n , B ,p = „ +2 _ 3 , dardy 

JR"x(U+oo) + y 2 )~{y 2 + \x — e\ 2 ) 5 

where 7' = | (a;, y)\ = (p 2 + y 2 ) 1 / 2 , and e is any unit vector in M. n . 

Lemma 5.4. We have 1 — j3C ntS A(n, s, j3) > ; where C n . s is the constant in the 
representation formula (|2.12[) . 

Proof. Let ft e L°°(]]J n ) be radial and have compact support, and u(x,y) = u(p,y) 
be a solution of 

{div (y 1_2s W) = in E" x (0, +oo) 

u(x,y)->0 as \(x, y)\ -> oo 
-J/ 1_2 % = h(x) on R™ x {0}. 
Now, we claim that, for any < j3 < n 
(5.16) 

= (1 - pC n , s A n>Stfj ) [ h{x)p~ fi dx + p [ y l - 2 'r- f> - 2 pu p dxdy. 

JM™ JB"x(0,+oo) 

Assuming the claim for a moment we prove the lemma. Choose a smooth radially 
decreasing function h > 0, h ^ with compact support. Let u be the solution of 
(|5.15ll . By (|2.12|) . u can be explicitly given by a convolution kernel. In turn, this 
shows that it is radial with respect to x and non-increasing in \x\. Hence 

y 1_2s r _ ^ _2 pup dxdy < 

l x(0, + oo) 

and 

h(x)p-' 3 dx > 0. 



This shows that 1 — pC njS A ntS ^ > 0. 

Now we give the argument for (|5.16|) . Let e > 0, /3 £ (0, n + 2 — 2s) and multiply 
equation (|5.15p by (p 2 + y 2 + e)~^ 2 to get 

0= f div (y^X/u)^ 2 + y 2 + e)~ /3/2 dxdy 

jR™x(0,+oo) 

y 1 - 2s u y (p 2 +e)- f) / 2 dx+p f y 1 ~ 2s (p 2 +y 2 + £ y^ 2 - 1 (x-X7 x u+yu y )dxdy 

JR" x(0,+oo) 

%)(p 2 + e)-^ 2 dx + f3 [ y X - 2s (p 2 + y 2 + e)- ? l 2 - l pu p dxdy 

JR"x(0,+oo) 

+P f y 2 - 2s ( P 2 + y 2 + e)-^ 2 - 1 ^ dxdy 

JR"x(0,+oo) 
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Using the representation formula 



h(x) 



-y s u y (x,y) = C n , s y s / n +2-2s dx 

JR" (y 2 + \x ~ x\ 2 ) s 



we find 



0=/ h(x)(p 2 +e)- fi/2 dx + p I y^ 2s (p 2 +y 2 + e)- 0/2 - 1 pu p dxdy 

JK" JR"x(0 : + oo) 

~PC n J [ 2/ 3-2, (p 2 + y2 + £) -^/ 2 - 1 HX) ^ 

jR"x(0,+oo) JR n {y* + \X — Xf) 2 

By Fubini, the last integral becomes 

f y 3 ~ 2s 

h(x) / n +2~2s dxdydx, 

JK"x(o,+oo) (|a;| 2 +y 2 + e) /3 ^ 2+1 (y 2 + \x — x\ 2 ) ? 

and by the change variables: y = \x\y' , y > 0, x = \x\x' , x' £ M™, we find 

+2=27 dxdy = \x\~P A n . Sil3 {— -~ ) 



i"x(o,+oo) (|a;| 2 + y 2 + e)i 3 / 2+1 (y 2 + \x - x\ 2 ) 
where 

f y 3 ~ 2s 

JR™x(o,+oo) f \x 2 + y 2 + t)—(y 2 + \x - jh\ 2 ) a 
Therefore, from the above computations we get 

= / h(x)(p 2 + e)~P/ 2 (l ~ (3C n , s A n ^(e/\x\ 2 )) dx 



(5.17) + (3 y 1 ~ 2s (p 2 + y 2 + e)-^ 2 - 1 pu p dxdy 

jR™x(0,+oo) 

Notice that 

lim A n . s ^{e/\x\ 2 ) = A n . s ^ for all x £ W 1 

and that this limit is finite for < j3 < n + 2 — 2s. Moreover A n<St p is independent 
of x. Since f3 < n and h is bounded with compact support the function h(p)p~P is 
integrable. Hence, by letting e — > in (|5.17p we obtain (|5.16p . □ 

6. Proof of Theorem 11.41 
Lemma 6.1. Let h £ L°°{B{) and u £ H be the unique solution of 

(-A) s u = h in B x . 

Then 

(6.1) \u{x)\ < C n , s f | ^SLa, dx for every x £ B\. 

J B\ \ x — x \ 

Proof. Writing h = h + — h~~ with h + , h~~ > we see that it is sufficient to prove 
the result in the case h > 0, so that also u > 0. 

Let v be the canonical extension of u. Since v(x, oo) = 0, for every x, we can 
write 

/•OO 

(6.2) v(x, 0) = — v y (x,y) dy for all x £ B\. 

Jo 
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Let g{x) be equal to h(x) extended by in K n \ B\, and denote by v the solution 
of 

!div (y 1_2s Vu) = in M" x (0, +oo) 

v(z) ->• as |z| -> oo 
-J/ 1_2s % = sO) on K" x {0}. 
By the Green's representation formula for (|6.3j) , we have 

(6-4) - v y {x, y) = C„, s y [ .,/^ ov „ +2 _ - ote- 

je» (|x — asp + y z ) 2 

Consider the functions w = —y l ~ 2s v y and w = —y l ~ 2s v y . Then, w and w satisfy 

Vtf^Vw) = in C. 

Since — v y > in M n x [0, +oo) in particular we have 

w > = w on di,C. 

Furthermore 

w < w in Si x {0} 

and for z € C, -> as |z| — > +oo. Then, the maximum principle 

(Lemma 12. 6p implies that 

(6.5) — v y < —v y in C. 

Combining (j!T2]) . (|63|) together with (|6T4]) we find 

v(x, 0) < C n . s [ y [ „,^ X \ ^+2 — dxdy 

Jo JR n [\x — x\ z + y z ) 2 

= Cn,s / g(x) I / n+2-2 S dy J 

Jr™ yio (\x — x\ 2 + y 2 ) 5 J 

for all x S Si, where we have used Fubini's theorem in the last line. Claim (|6.1j) 
follows by performing the integration over the y variable in the last expression, and 
recalling the definition of g(x). □ 



Proof of Theorem \1.4\ We denote points in C = B\ x (0, +oo) as (x, y) € C, where 
x € Bi, y € (0, +oo), and p = \x\. 

Step 1. Take a such that ([53]) holds. We claim that for (3 > such that 2(/3 + 
s — a) < n we have 

(6.6) / f{u x )p-^dx<C 



with C independent of A as A — > A*. 

To prove the claim, let e > 0, R > and multiply (f278|) by (p 2 + y 2 + e) _/3/2 and 
integrate over [p < 1/2, < y < R] to get 



= / V-(?/- 2s VtO(p 2 +?/ 2 + £r /3/2 dxd?/. 

•/[p<l/2,0<y<fl] 

Integrating by parts we find 

(6.7) A f f{u x ){p 2 + eY^ 2 dx = -h -h + h 



' #1/2 
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where 



h = [ R^Vyip, R){ P 2 + R 2 + s)- f3/2 dx 

J\o<l/2] 



'[P<l/2] 

h = I y 1 - 2 ^!^, y)(l/4 + y 2 + e)^' 2 dy 

J[0<y<R] 

h = -P [ y 1 - 2s (p 2 +y 2 + e)-^ 2 - 1 (v p p + v y y)dxdy. 

J[p<l/2,0<y<R] 

By f|5 .4[) and (|5.5[) . I\ and I2 remain uniformly bounded as e — > and A->A*. We 
decompose further 

^3 = Ip + Iy 

where 

i P = -P I y x ~ 2s (p 2 + y 2 + e)-e> 2 - l v p pdxdy, 

J[p<l/2,0<y<R] 

I y = -P I 2/ 1_2s (p 2 +y 2 +e)-' 3 / 2 - 1 v y ydxdy. 

J[p<l/2.0<y<R] 

Now we estimate I y . Let g(x) be equal to Af(u\(x)) extended by in R" \ B\, and 
denote by v the solution of 

{div(y 1 " 2s Vv) = in R™ x (0, +00) 

v(z) as \z\ -> 00 
-y^ 2s v y = g(x) on R n x {0}. 
By the Green representation formula for (|6.8p . we have 

(6-9) - v v {x, y) = C niS y [ „,^ X \ ^ +2 — dx. 

JR n (\x — xY + y z ) 2 

Consider the functions w = —y 12s v y and w = —y l ~ 2s v y . Then, w and w satisfy 

V ■ (y^^Vw) = in C. 

Since —v y > in R™ x [0, +00) we have in particular 

w > = w on DlC. 

Furthermore 

w < w in Bi x {0} 

and for z € C, w(z), w(z) — > as \z\ — > +00. Then, the maximum principle 
(Lemma 12. 6p implies that 



-v y < —v y in C. 



It follows that 

iy < -P [ y l - 2s {p 2 + y 2 + e)-^ 2 - l v y ydxd V 

J[p<l/2,0<y<R] 

and by 

Iy < PC n , s [ [ 
J\o<l/2.0<v<R] Jm 



— +2 _ 2s dxdxdy 



'[p<i/2,o<y<R] JR n (p 2 + y 2 + e) l3 / 2+1 (\x — x\ 2 + y 2 ) 

f if y 3 ~ 2s \ 

< BC n s / am / , 9 , dxdy dx. 

' Jmn \J[ P <l/2,Q<y<R] { P 2 + V 2 + e)P/^{\x - X \ 2 + y 2 )^^ " I 



2.3 



Therefore 

(6.10) I y < 0C ntS A niSl p / g(x)dx = f3C n ^ s A n . s ^\ I f(u x )dx 
where A n ^ s ^ is defined as in ()5.14|) . Combining ()6.7j) with (|6 . 10[) we obtain 

(6.11) (1 - pC n , s A n>SiP )\ [ f(u x ) dx < A [ f(u x ) dx -h-h + I P . 

J Bi Jb 1 \B 1/2 

Recall that by (15H) and (|53)l . 

(6.12) \h\ <C, \h\<C 

for some C independent e — > and A — > A* . 
By the Cauchy-Schwarz inequality 

\ 1/2 / \ 1/2 

l-2s„2 -2o j,j„. / / UP 



\Ip\<P\ y^v^dxdy) / » / dxdy 

V./[p<i/2,o< 2/ <.r] / \ v J[p<i/2,o<y<i?.] (P 2 + 2T + e)^+ 2 

The last integral can be estimated by 



/ 

Jo 



yl-2Sp2-2a roo yl~2s ^2a 



dxdy - . , , rJT^Wi 



'[ P <i/2,o< y <H] {p 2 + y 2 + e) p+2 ~ Jo J[p<i/2] {p 2 + y 2 Y +l 

We change variables y = pt for p > 0. Since /3 > 0, we have 

l-2s 2+2q /-oo +l-2s 
j^f / .... dxdy < / p 2a-2/3-2, ^ / ^ 

[p <i/2,o< y <fl] (p 2 + y 2 + ^+ 2 " i [P <i/2] Jo (i + t 2 )^ 1 

and this integral is finite if 2(/3+s— a) < n. The integral J*r p<1 / 2 o<i,<,r] y 1 ~ 2s v 2 p~ 2a dxdy 
remains bounded ase->0 and A — > A* by (|5.3j) . provided a satisfies (|5.2[) . 
Thus, if a satisfies (|5.2|) and 2(/3 + s — a) < n we deduce that 

(6.13) \I P \<C 

with C independent of e > and A £ [0, A*). 

By Lemma [Ol we have 1 - /3C„ iS A„ ;Si(3 > 0. Therefore, from (|6.11j) , (|6.12[) and 
(|6.13p . and using a uniform bound for u\ in i?i \ -B1/2 we deduce (|6.6p . 

Step 2. Conclusion. 

(a) Assume first that n < 2(s + 2 + ^(s + 1)). Then, n/2 - s < 1 + y 7 ?* - 1 and 
we can choose a satisfying n/2 — s < a < 1 + s/n — 1 . Thus, n — 2s < n/2 + a — ,s 
and we may choose /3 = n — 2s in (|6.6|) . which implies that J B f{u\)p~ n+2& dx < C 
with a constant independent of A. By (|6.1[) we have 



ua(0) < C„ / p- n+2s f(u x (p))dx < C. 

JBx 

Since u\ is radially decreasing, we conclude that u\ is uniformly bounded in Bi as 
A^ A*. 



(b) Now assume that n > 2(s + 2 + s/2(s + 1)). Suppose 1 < a < 1 + \/n — ~I, 
/3 > 0, and 2(/3 + s — a) < n. Then, using that /' > 0, that u\ is radially decreasing, 
as well as the estimate (|6.6[) . we have for p < 1/2 

cp n -Pf(u x (p)) = f(u x (p))[ \x\-Pdx< [ f{u x )\x\- fi dx<C 
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where c > 0. This yields 

f(ux(p)) < CpP~ n forO<p<l 

where C is independent of A. Using (|6.1j) . this implies that if additionally ft < n— 2s, 
then 

C 

u\{x) < , for all a; e Si. 



Since we have the restrictions /? < n/2 + a — s and a < 1 + yn— 1, we see that for 
any fj, < n/2 — s — 1 — \rn — 1, there is C independent of A such that 

C 

< 7— r- for all a; € 
By letting A — s- A* in the last expression we conclude the proof. □ 
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